We present calculations on the deformation of two-and three-layer electret systems. The electrical field is coupled with the stress-strain equations by means of the Maxwell stress tensor. In the simulations, two-phase systems are considered, and intrinsic relative dielectric permittivity and Young's modulus of the phases are altered. The numerically calculated electro-mechanical activity is compared to an analytical expression. Simulations are performed on two-and three-layer systems. Various parameters in the model are systematically varied and their influence on the resulting piezoelectricity is estimated. In three-layer systems with bipolar charge, the piezoelectric coefficients exhibit a strong dependence on the elastic moduli of the phases. However, with mono-polar charge, there is no significant piezoelectric effect. A two-dimensional simulation illustrated that higher piezoelectricity coefficients can be obtained for non-uniform surface charges and low Poisson's ratio of phases. Irregular structures considered exhibit low piezoelectric activity compared to two-layer structures.
Introduction
Charged dielectric films with soft elastic properties and at least one free (unclamped) surface can be used as electro-mechanical and electro-acoustic transducers [1, 2] . Traditional materials for such applications have been inorganic crystalline substances [3] . The electro-mechanical effect (piezoelectricity) observed in organic polymeric materials differs in several aspects from that of traditional inorganic piezoelectric materials. Apart from morphological differences, piezoelectricity in polymers is based either on (i) oriented molecular dipoles (domains) or on (ii) trapped charges whose distribution breaks the symmetry inside the non-uniform anisotropic material. The underlying mechanisms of the phenomenological piezoelectricity in these materials have previously been presented in the literature [4, 5, 6, 7] . Recently, several potential candidates for large piezoelectric effects in heterogeneous or porous polymer systems are reported [8, 9, 10, 11, 12, 13, 14] . Although there exist analytical models for modeling simple geometries and uniform charge distributions, numerical solutions may be preferable for complex geometries [15, 16, 17] and nonuniform charge distributions. In this paper, the finite-element (FE) method is first applied to solve the electric field in two-and three-layered structures with interface, surface or volume charges. We have considered non-uniform charge distributions and irregular geometries as two-dimensional cases. The obtained electric field is later used in calculating the displacement vector by considering the Maxwell stress tensor. The results of the one-dimensional simulations illustrate that the use of the Maxwell stress tensor generates a perfect agreement with the analytical model. Since there are no analytical expressions for arbitrary geometries and structures with several materials and space-charge regions, the application of the FE method to such problems results in a better understanding of composite properties that may lead to new tailored materials.
Numerical Modeling
A model for the electro-mechanical response of a double-layer dielectric system with an interface charge ρ at the double-layer boundary has been presented by Kacprzyk et al. [6] . Layered systems have been shown as the optimal matrix microstructures for piezocomposites [18] . In the model, the dielectric and elastic properties of the phases a and b with thicknesses x a and x b are expressed with the high-frequency relative permittivities ǫ a,b and Young's moduli E respectively. The piezoelectric coefficient for the composite system is then calculated as the ratio of the change of surface charge to the force applied perpendicular to the surface [6] ;
Since there is no intrinsic piezoelectricity assumed in the phases, the coefficient d 33 is written as an effective material property with a superscript 'e'. The term on the right-hand side of Eq. (1) containing permittivities is proportional to the effective dielectric permittivity of the system, ǫ e = ǫ a ǫ b (ǫ b x a + ǫ a x b ) −1 . For complex structures, or layered systems with materials having different Poisson's ratios, Eq. (1) can not be applied.
Similarly, applying a numerical model, one should arrive at the same results. To this end, we have employed the FE method and performed simulations on a double-layer system. In the FE calculations, electrostatic field and stressstrain relations are solved simultaneously. Neglecting the polarization of the phases, the electric field E(= −∇Φ(r)) distribution is obtained from Poisson's equation:
where Φ is the electric potential distribution, and ε and ρ are the dielectric permittivity (ε = ǫε 0 , ε 0 is the permittivity of free space and ε 0 = 8.854 pFm −1 ) and the charge density as space-dependent variables, respectively. For the stress-strain relations, Navier's equation is solved, Here T and K are the stress tensor and the body force, respectively. The stress T is proportional to the gradient of the unknown displacement u(r) and the space-dependent material coefficient c, T = c∇u. The coefficient c is a function of Young's modulus E Y and Poisson's ratio ν of the specific medium. The coupling of the electric field to the mechanical stress is achieved through the Maxwell stress tensor [19, 20] .
where T ′ is the generalized stress tensor. E and D are the electric field and the dielectric displacement vectors, and the superscript 'T' denotes a transposed matrix. The last term in Eq. (4) is the matrix direct product. Inserting (4) into the stress-strain relation of Eq. (3), the general equation for our calculations is obtained:
It is worth mentioning that the spatially varying material parameter ε and the charge distribution ρ in Eq. (2) are functions of the displacement u [21, 22] . However, this coupling is not taken into consideration in this paper.
For layered structures and for one-dimensional simulations, the non-diagonal components in the last term on the left-hand side of Eq. (5) are neglected, and the Poisson's ratio ν of the materials in question is insignificant. No body-force term is considered in the simulations. In the following part, we solve Eqs. (2) and (5) with a nonlinear solver based on a commercially available FE software package [23] . First two-and three-layer systems with charge distribution(s) perpendicular to the applied field direction (in the y-direction) are considered; such a problem is pure one-dimensional. Later the charge distribution is considered to be non-uniform and again perpendicular to the applied field direction, which makes the problem two-dimensional. We have also assumed irregular two-dimensional structures in which the fraction of phase a is decreased in the layer.
Results and discussions

Two-layer system
An application of the numerical model to the geometrical conditions described by Kacprzyk et al. [6] confirmed that our approach is valid in one dimension with ν a,b ≈ 0 and c = E Y . In these simulations, the geometry for the computation is a layered structure with phases a and b, as shown in Fig. 1 . The two-layer system is a charged system that produces an external field which leads to piezoelectric properties [4] .
The mechanical boundary conditions in the simulations are chosen such that the structure is fixed at CD, where it is not allowed to deform in the x-and ydirections. At the boundaries AB, AC and BD, the structure is allowed to move in the x-and y-directions. The voltage boundary conditions are applied at CD and AB with voltages V CD and V AB , and at AC and BD, symmetry conditions are assumed for the static electrical calculations, ∂V /∂x = 0. Moreover, a surface charge density of 1 mC m −2 (attainable in experiments [8, 24] ) is applied at the internal EF boundary. The thicknesses of the phases are taken equal to each other, x a = x b = 1 mm. The layer thickness in the simulations would not affect the overall effective properties of the mixture.
The electric-field-induced mechanical deformation ∆y can be expressed as a power series. In that case, the electrostrictive a 
In = 100 MPa, respectively. First, the permittivity of phase a is varied between the free-space value ε 0 and 4ε 0 while keeping Young's modulus of phase a constant, E Y a = 1 MPa. Then keeping the permittivity of phase a constant, ǫ a = 2.5, Young's modulus of phase a is altered between 100 kPa and 1 GPa. These permittivity values are chosen, since most of the polymers have relative permittivities between 2 and 12. In addition, traditional ma-terials containing voids (low-κ materials) usually have relative permittivities between 1 and 2. Young's moduli of the phases are on the other hand assigned on the basis of the effective medium theory [15] for layered structures and the measured effective moduli of porous polymers from Neugschwandtner et al. [24] and of some solid polymers from MatWeb [25] . Next, we examine the influence of the charge distribution at the interface on d e 33 . To this end we introduce a volume charge distribution ρ(x, y) which is only varied in the y-direction. The validity of Eq. (1) for such cases is discussed below. The charge distribution is generated with a delta sequence [26] ,
where lim n→∞ φ n (y)dy = 1.
In Eq. (9), n is a shape parameter. For charge distributions in the form of
the volume charge distribution becomes surface charge distribution ρ = ρ 0 δ(y) as n → ∞.
In Fig. 3a the calculated |d e 33 | is presented as normalized with the volume charge density ρ 0 /Q n for different shape parameters n, where The total volume charge density is not equal to ρ 0 because of the finite n. However, as n gets closer to 10 6 , Eq. (9) can be used to represent a charge sheet. In Fig. 3b volume charge distributions are illustrated for the values of n used to calculate d e 33 in Fig. 3a . As the charge penetrates inside the material, forming a true space charge, the piezoelectric response of the composite system becomes weaker compared to a uniform sheet-like surface charge distribution. 
Three-layer systems
In order to enhance the efficiency of an electro-mechanical transducer, it is possible to stack layers of different materials. Such a system can be the threelayer binary structure ('a sandwich') which allows to employ and investigate different charge polarities. We therefore apply the numerical method to a three-layer binary system as shown in Fig. 4 . In these simulations, (i) bipolar and (ii) mono-polar charge systems are assumed. In a bipolar system, the charge polarities at interfaces EF and GH in Fig. 4 are opposite to each other. In a mono-polar system, on the other hand, they have the same polarity. (The main difference between bi-and mono-polar charge systems is that bipolar charge systems do not contain unbalanced internal charge). The deformations ∆y are analyzed as functions of the applied voltage difference V AB − V CD with Eq. (6). The deformation ∆y of a bipolar charge system is dominated by the contribution of the linear term, d for bi-and mono-polar charge distributions. Again, similar to the two-layer system, we first alter the permittivity of the phase a keeping Young's moduli of both phases and the permittivity of the phase b constant. Later, Young's modulus of phase a is varied while all other material parameters are kept constant. The total thicknesses of the phases are equal to each other x a = x b . There are two different combinations of interest: (i) phase a in Fig. 4 is rigid and the structures is soft-rigid-soft (SRS) or (ii) phase a is soft which leads to a rigid-soft-rigid (RSR) structure. The mono-polar-charge cases do not produce significant electro-mechanical activity comparable to the bipolar ones. Experimental observations performed on some prepared RSR structures, have verified the numerical simulations such that the RSR structures do not yield any observable piezoelectric activity. Moreover, mono-polar-charge samples do not show any measurable electro-mechanical activity.
The results of the simulations are illustrated in Fig. 6 . In the figures, the values are normalized respective to a maxima of the absolute parameter values, max |a Table 1 as min and max. In the table, the rigid and soft phase order of the structures are presented together with the parameter that is varied. While the total thickness change behaves differently, the normalized electrostrictive due to the symmetry plane between the two charge layers that can be assumed as in the method of images [27] . Since there is no external field in a threelayer system with bipolar charge-it is neutral-it is to be preferred for nonelectrostatic industrial applications. Except for the results of the RSR/ǫ a case, the other three bipolar charge systems result in high piezoelectric coefficients, d | values obtained for the RSR/ǫ a and SRS/ǫ a cases are not comparable. The RSR structure is not suitable for any electro-mechanical application. The reason for the very low piezoelectric coefficients in the RSR case is that the structure expands or contracts in response to the internal charge distribution, even in the absence of an applied voltage-y 0 in Table 1 . After this deformation there is no (or very little) space for the structure to respond to the applied voltage. It is observed that a d e 33 value on the order of nmV −1 can be obtained if materials with low Young's modulus (E Y < 1 MPa) are employed such as non-conducting polymer foams and natural cork [28] .
As mentioned previously, the mono-polar charge systems exhibit very little electro-mechanical activity when the charges at the surfaces are equal. However, at high applied voltages, the electrostrictive effect is significant. To have the same magnitude of the piezoelectric coefficient in a two-layer system one should introduce a surface charge of about 1nC m −2 at the interface, which is extremely low. If the surface charges are not equal, but have the same sign, the response of the structure can be tailored to be linear in the applied field for specially selected surface charge values. This is indicated in Fig. 7 . When the unbalanced charge of the structure is close to zero, (ρ EF − ρ GH )/2 ≈ 0, the analytical solution and the numerical results deviate, due to the numerical error. This is an interesting case, since in phases with significant conductivity, charges on the surfaces would recombine. This process would directly affect the electro-mechanical activity and lower d e 33 .
Two-dimensional system
Non-uniform charge density at the interface
As an illustration for a two-dimensional solution, we again consider a two-layer system as in Fig. 1 . However, this time we just alter the charge distribution at the interface EF in the x-direction.
where n defines the shape of the distribution-for n → 0 surface and n → ∞ line charge distributions are obtained-, and ρ 0 is the charge amplitude. The material properties are taken as ǫ a = ǫ b = 2.5 and E is the same as the one-dimensional simulations, a uniform charge distribution. However, as the charge distribution is altered by changing n, the resulting d e 33
increases for n > 10 3 and approaches a constant for n > 10 4 . These higher values of d e 33 are expected due to the electric field distribution in the system, which is enhanced at the tip of the charge distribution (sheet-like discontinuous surface charge in the x-direction). The enhancement is higher as the charge distribution approaches a line charge distribution, the piezoelectric coefficient being approx. 10% higher than that of uniform sheet charge distribution. In Fig. 8a and 8b show that d e 33 decreases with increasing Poisson's ratio, when the latter approaches 0.5.
Finally, as an illustrative example in Fig. 9a the stress distribution and electrical potential are shown. The voltage difference between the AB and CD boundaries is 0 V. The Poisson's ratio of the phases are as follows, ν a = 0.33 ν b ≪ 0.1. In Fig. 9b the charge distribution at the interface and the deformation on the boundary AB are presented. The deformation is purely due to the interfacial charge, and it is larger than the previous cases considered. The deformation is localized as the charge distribution. 
Irregularly shape sample
In this section we have considered an irregular shape as illustrated in Fig. 10a . Phase a is considered to be changing its width, |AP|. In the simulation, the with respect to x is proportional to the Poisson's ratio of phase b. In Fig. 11 the stress and the electric potential distributions are presented as gray-scale and contour plots.
Conclusions
Numerical simulations on the electro-mechanical properties of layered structures containing charges are reported. The simulations take the coupling of the electrical and mechanical stresses into account by means of the Maxwell stress tensor. The results are compared with an analytical model, and it is observed that there is good agreement for two-layer systems. The piezoelectricity in three-layer systems shows a strong dependence on the polarity of interface charges. It is concluded that bipolar charge systems clearly yield higher piezoelectric coefficient values than mono-polar charge systems. The mono-polar charge cases are dominated by 'electrostrictive effects'.
In this paper, we have presented a way of calculating electro-mechanical activity of layered electrets with uniform and non-uniform charge distributions. The numerical model is also applied to a two-layer system with discontinuous interface charge layer. In such a simulation unlike the one-dimensional calculations the Poisson's ratio of the phases become significant. High Poisson's ratio lead to low the electro-mechanical coefficient. As the sheet of charge at the interface is modified toward a line charge distribution the piezoelectric coefficient is increased approx. 10%. The two-dimensional structures considered have also illustrated the stress distribution in the constituents are of importance, the stiff phase is mechanically stressed due to electromechanical activity in the soft phase. We might conclude that the presence of excess charges (space charge) in heterogeneous systems is crucial for aging of the materials.
As a concluding remark, it is illustrated that in heterogeneous materials, fluctuations in the local electric field could lead to mechanical deformations even if there is no intrinsic piezoelectricity in the phases. The considered cases show that the deformation follows the actual charge distribution at the interface, and distribution of charges plays an important role in materials with irregularity. 
